It is observed that the exact interacting ground-state electronic energy of interest may be obtained directly, in principle, as a simple sum of orbital energies when a universal densitydependent term is added to ; w ρ r represents an alternative direct approach for the approximation of the ground-state energy and density.
where ( ) ρ r is a trial electron density, [ ] s T ρ is its known noninteracting Kohn-Sham (KS) [1] kinetic energy, and [ ] G ρ is the unknown universal functional of ( ) ρ r that must be approximated. Specifically, [ ] G ρ is the Hartree energy plus the exchange-correlation energy.
In traditional KS-DFT,
ϕ r are obtained from the following converged non-interacting KS system [1] , which results from the minimization in Eq.
(2),
with
Thus the current procedure is to first obtain, in principle, the ( ) ;
and observe that the [ ] G ρ must be approximated. This is most commonly done without first approximating its functional derivative. Alternatively, it is well-known that [ ] G ρ may be approximated by approximating its functional derivative along a designated path of densities and then performing a line integration [3, 4] . Our approach introduces a third way to approximate [ ] 
where the first two terms are suggested by the familiar local-density approximation for exchange. In Eq. ; w ρ r that satisfies as many known constraints as possible. By taking the functional derivative with respect to the density on both sides of Eq. (7), and by using Eq. (5) with the fact that
for all r on the left-hand side, which is a key constraint on [ ] ( ) ; w ρ r for the correct approximation of it. We have also used the fact [6] that
. (For an interesting example of an approximate density-functional potential constructed in a different context but also having a density-dependent asymptotic value, see Ref [7] .)
The satisfaction of Eq. (10) clearly provides the necessary and sufficient conditions that
which is a required constraint for . To arrive at this inequality, observe that Eq. (5) and the fact that
where ( ) ρ r is the density per particle, which is
Next square both sides of the above relation, multiply by ( ) 
Thus, upon any isoelectronic change in the density, inequality (14) ; w ρ r experiences a discontinuity [6] when the number of electrons is increased from N δ − to N + δ , where δ is positive and infinitesimal. Based on theoretical arguments and studies of model systems [6, 9] , the potential ; w ρ r is expected to be facilitated by the fact that the change in its exchange-correlation component is continuous at any r .
For implications with respect to the band-gap problem in molecules and solids, it is well known [10, 11] that xc Δ is the correction to orbital energy differences for the value of the gap, or ionization energy minus electron affinity, where δ is, for instance, a fraction of an electron from the valence band that is added to the conduction band in a semiconductor. [The electron number continuity of [ ] G ρ follows from the ensemble approach for fractional electron number [6, 8] . That is, G ρ N +δ ⎡ ⎣ ⎤ ⎦ is the convex sum of an N-electron term and an (N+1)-electron term with, respectively, prefactors 1− δ ( ) and δ . As δ → 0 , the term involving δ approaches zero, while the term involving 1− δ The direct-energy KS formulation is readily applicable to spin-density functional theory [12] , where the up-spin Several points should be noted about the i ε 's. While the sum of the occupied i ε 's yields nicely the exact interacting ground-state energy of interest, we also have
so that an orbital energy difference as an approximation to an excitation energy is as valid with the i ε as with the i ε . Also, observe that the ionization energy theorem gives
where N I and ( ) N ρ r are the ionization energy and ground-state density of the N-electron system, which means that The values of the i ε 's in Table I are generally, but not always, more accurate than the values of the i ε 's. What is particularly surprising is the extent of accuracy, with most functionals, of i ε for the highest-occupied orbital, as exhibited for the Ne atom in Table I . An explanation may provide valuable insight for understanding and improving the functionals.
The infinite solid is typically modeled by a finite unit cell with Bloch-type periodic boundary conditions governed by a three-dimensional k --vector of the reciprocal space. If the traditional KS system is replaced with the direct-energy KS system, the eigenvalues become Time-dependent DFT (TDDFT) [17] uses orbital energies in terms of pairwise differences as given in Eq. (19) . TDDFT also uses the Hartree-exchange-correlation (Hxc) kernel In summary, we have observed that each unknown functional in density functional theory may be obtained, in principle, by simply integrating the product of an appropriate potential with the density. For approximation purposes, it is noteworthy that these potentials change gently as the density changes, even when the electron number increases from an integer. As in traditional Kohn-Sham theory, the direct-energy Kohn-Sham formulation generates the exact ground-state energy and density. One of the first models studied in quantum mechanics is that of non-interacting electrons trapped in a box, where the total ground-state energy is given simply by the sum of orbital energies, with the orbitals occupied according to the Pauli exclusion principle. In this Letter, we have observed that ground-state energies of real physical interacting systems can also be obtained as simple sums of orbital energies. This is accomplished by adding a meaningful universal density-dependent constant to the Kohn [15] was used for the calculations.] The data from Ref. [16] were adopted for the exact values. The aug-cc-pV6Z basis set was used in the approximate calculations. The error of the approximate value with respect to the exact one is put in parenthesis in the format, "error, relative error magnitude in percent".
